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1 Introduction
The recent development in our understanding of nonperturbative aspects of string theory
has reinforced the connection between string theory and gauge theories[1][2][3]. It has been
well known that the gauge theories can be obtained in the low energy limit of string theory.
On the other hand the nonperturbative reformulation of superstring theory appears to be
possible now in terms of the D-particles[4] or the D-instantons [5]. They are nothing but
large-N (partially) reduced models of ten dimensional super Yang-Mills theory.
It has been long hoped that the gauge theories may be solvable in the large-N limit as a
kind of string theory[6]. In gauge theories, the Wilson loops are the natural candidates to
be identied with strings. They indeed obey the loop equations which resemble the Virasoro
constraints in string theory. Hence the loop equations have been investigated in the hope
of deriving the (light-cone) Hamiltonian of string theory[7]. The large-N reduced models
have been originally invented in such a context[8] and the relation to bosonic string theory
has been noted[9][10]. These hopes appear to be realizable now for ten dimensional super
Yang-Mills theory in a most dramatic setting which involves the theory of gravitation and
the unication of forces.
Our matrix model for type IIB superstring has the manifest N = 2 super Poincare
invariance in ten dimensions. It has the lowest dimensional constituents (D-instantons) and
the highest symmetry of this class of the matrix models. We hope it will be most useful
to investigate the nonperturbative aspects of superstring theory. The related models and
the possible extensions have also been proposed [12][13][14][15][16][17][18]. Qualitatively
reasonable results have already been obtained at long distance by the matrix models when
we investigate the interactions between the D-strings at the one loop level. However the
standard folklore suggests that we may need to sum up all planar diagrams of the matrix
models even to obtain free strings. Therefore we need to solve the theory in the large-N
limit. Since we know a possible solution (superstring) to this question, this task is not
inconceivable. Our aim of this paper is in fact to derive the light-cone eld theory of Green,
Schwarz and Brink[11] for type IIB superstring from a matrix model[5].
The only successful string eld theories so far are formulated in the light-cone gauge.
In this respect they may not be eective to study nonperturbative aspects of string theory.
However our motivation to derive the light-cone superstring eld theory from the matrix
model here is to prove that the matrix model reproduces the standard string perturbation
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theory.
In section 2, we introduce the Wilson loops as the operators which create and annihilate
strings (string elds). The string coordinates are introduced through the Wilson loops. We
then discuss the continuum limit of the dierential operators in the loop space. In section 3,
we set up the loop equations for the Wilson loops by using the Schwinger-Dyson equations.
We demonstrate that the loop equations reduce to that of free supersrting Hamiltonian in
the large-N limit. We also explain that the structure of the cubic light-cone Hamiltonian of
superstring naturally appears from the matrix model. In section 4, we construct a general
proof of our assertion that the IIB matrix model reproduces the light-cone superstring eld
theory in the double scaling limit. We construct supercharges of the matrix model in the
loop space and show that they agree with those of superstring theory. The proof is based on
the power counting and the symmetry arguments. We conclude in section 5 with discussions.
One of the crucial issues of the matrix model approach is to reproduce the standard
string perturbation theory. We are successful in this respect since we have derived light-
cone Hamiltonian of superstring from the matrix model. Therefore we have proven our
previous conjecture that our matrix model is indeed a nonperturbative formulation of type
IIB superstring theory.
2 Strings and the Wilson loops
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where  is a ten dimensional Majorana-Weyl spinor eld, and A and  are NN Hermitian
matrices. We have interpreted some of the classical solutions of this action as D-strings and
shown that they indeed interact in a consistent way with this interpretation at long distance.
We have also proposed that the Wilson loops are the creation and annihilation operators
for strings[5]. The Wilson loops can wind many times around the world even in the reduced
models which have only few (even single) points in the universe. If we consider the T-duality,
the winding numbers can be reinterpreted as the momentum. Based on these reasonings, we
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Here kn are momentum densities distributed along C, and we have also introduced the
fermionic sources n .  in the argument of the exponential is a cuto factor. As we will
see in the subsequent sections,  can be regarded as a lattice spacing of the worldsheet. We
therefore call  ! 0 limit the continuum limit. We may also Fourier transform the Wilson
loop from the momentum space kn to the real space x

n.
In the next section, we consider the continuum limit of the Wilson loops. As a preparation
we study the dierential operators in the loop space and the operator insertions into the
Wilson loops in the remaining part of this section . Let us consider the operator insertion
of A between the n−th and the (n+ 1)−th links:
UnAUn+1: (2.3)
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However eqs.(2.3) and (2.4) dier from each other at the next order of  by the commutators.















= Un([A; A ] +   )Un+1: (2.5)
Therefore the leading commutators in eq.(2.4) can be expressed in terms of dierential
operators in the loops space. So the operator insertion (2.3) can be expressed by a dierential
operator in the loop space up to O(). The remaining commutators which involve three
matrix elds can be expressed by dierential operators in an analogous way if we consider
three neighboring links. In this way in principle any operator insertion into the Wilson loop
can be expressed by an innite series of local dierential operators in the loop space.
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We also consider the dierentiation of the Wilson loops by the matrix valued elds. The
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Here t denotes the generators of the gauge group U(N). Obviously the leading term is the
multiplication by iknt
. Again the remaining terms can be expressed by some innite series
of dierential operators.
Finally we make a comment on the universality of the dierential operators in the loop
space. What we are interested in is the continuum limit such as








At rst glance it seems that the dierential operators which correspond to multi-commutators
of the matrix elds are suppressed by some powers of  in the continuum limit. However
we cannot simply say that they do not contribute in the continuum theory because they
can renormalize the operators which survive in the naive continuum limit. We may draw
an analogy with the quantum eld theory on the lattice here. The lattice action may be
expanded formally in terms of the lattice spacing a. Although the operators which are
suppressed by the powers of a formally vanish in the continuum, we cannot simply neglect
them because they may renormalize the relevant operators. In fact we can write down many
lattice actions which possess the identical continuum limit. Although they are not unique,
the continuum limit is universal which enables us to dene a unique continuum theory.
We assume a similar universality on the dierential operators in the loop space. Namely
we expect that the dierential operators we consider in the subsequent sections represent
unique quantities in the continuum limit although they are certainly not unique with nite
.
3 Loop equations
In this section, we often show only the naive leading terms in the loop equations. As we
have explained in the last section, it should be understood that they simply represent the
4
universality classes of the dierential operators. The basic equations we consider here are
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It is easy to check that the above expression is satised up to O() without the terms
expressed by the dots. Since the O(2) contribution is commutators of three matrix elds, it
can be expressed as dierential operators in the loop space as it is explained in the previous
section. It is clear now that we can satisfy this identity by iterating such a procedure. This
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= 0; (3.4)
where w(Cb) implies the absence of the Wilson loop w(Cb), and we have also introduced the
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= 0: (3.5)
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In order to make the connections with the light-cone string eld theory, we consider the
congurations of the Wilson loops which possess the identical light-cone time x+. Namely
we perform the Fourier transformations of the Wilson loop from k−n to x
+
n and consider such
congurations that x+n = x
+ for all the strings. We may also consider a group of the Wilson
loops at x+ = −1 which represent a particular initial state. Strings which are created
by the Wilson loops at x+ = −1 evolve in time and after splitting and joining they are
eventually terminated by the Wilson loops at x+. This is the setting of our problem which is
illustrated in Fig. 1. Our strategy is to derive the light-cone Hamiltonian which governs the
evolution of the strings from the loop equation. We can also put k+n = 1 on the light-cone by
using the reparametrization invariance of the Wilson loop. The fermionic variables  can be
decomposed into 8s and 8c representations of SO(8) as a and  _a. We eliminate  _a and its
conjugate  _a by using the loop equation (3.5) just like eliminating the half of the fermionic
degrees of freedom in the light-cone eld theory by using the equation of motion.















+;  a]−  aγ
i
a _a[Ai;  _a]−  _aγ
i
_aa[A
i;  a] +
p
2 _a[A
−;  _a])): (3.6)
We recall that the coupling constant of this model g possesses the dimension of length
squared since we identify the diagonal elements of A as the spacetime coordinate in the
semiclassical region.
In the light-cone setting we just explained, the loop equation (3.4) becomes as follows:
k^−M < w(C
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(3.7)
where Z = 2(1+ ip
2g2N














Figure 1: The setting of our problem. We consider the congurations of the Wilson loops
which possess the identical light-cone time x+. We also consider a group of the Wilson loops
at x+ = −1 which represent a particular initial state.
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In this equation, we have separated the minimal string contribution (j = M) from the
third line of the right-hand side of the equation which represents the splitting of the string
and it is combined into the free Hamiltonian of the string. The string of vanishing length
has w(C) = Tr 1 = N . The Wilson loop of a string with nite length cannot have the
magnitude of O(N) because of the conservation of the light-cone momentum p+ and the
large-N factorization. In fact the loop equation (3.7) implies that its magnitude is of O(1).
Since we put k+n = 1, the total length of the string should be proportional to the total
light-cone momentum p+ = M. We note that the string coupling constant which governs
the strength of the splitting and joining of strings is proportional to 1=N as expected. The
string interaction conserves the bosonic and fermionic momentum densities kn and n locally.
If we let N ! 1 in eq.(3.7) before taking  ! 0, the interaction terms can be neglected.
Hence we nd that a free string theory is obtained in the large-N limit.
We can eliminate  _a and  _a from eq.(3.7) iteratively by using the following loop equations
which are obtained from eq.(3.5):
^ _aM < w(C
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and
^ _aM < w(C
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2)    w(Cb)   w(C l) > : (3.9)
Let us concentrate on the free propagation part of the string rst. Although the large-N
limit of the loop equation (3.7) contains not only quadratic terms but also nonlinear terms,












where   1=g2N . It is because the only eect of the nonlinear operators in the continuum
limit is the renormalization of the coecients of the quadratic operators since they are
suppressed by the powers of . In particular 0aa term is generated by the renormalization
eect after eliminating  _a variables as it will be demonstrated shortly. As it will be shown
in the next section, the form of the free light-cone Hamiltonian in the loop space is xed
uniquely by the power counting and the N = 2 supersymmtery.
This Hamiltonian is identical to that of type IIB superstring theory[11] if a() and a()
are rescaled appropriately and rotated by a complex phase factor  = exp( i
4
) as follows:
a()! a(); a()! 
a(): (3.11)
We elaborate more on this point in connection with the supercharges in the next section.
The string tension of this action eq.(3.10) is found to be (0)2  1= = g2N which
is again the standard combination to be held xed in the large-N limit. Since g has the
dimension of the square of length, such an identication is consistent. Therefore we have
obtained the standard light-cone Hamiltonian of free type IIB superstring in the large-N
limit. In particular our type IIB matrix model is shown to possess the identical spectrum
with free type IIB superstring in the large-N limit.
We now explain how the nonlinear operators renormalize the quadratic free string prop-
agator by concrete examples. Since they involve  _a, we need to eliminate it iteratively by
using eq.(3.8). Let us consider the naive leading contribution in eq.(3.8):








a() < w(C) > : (3.12)
We assume rst that a quadratic Hamiltonian such as eq.(3.10) correctly describes the free
propagation of the Wilson loops of the matrix model. This assumption can be justied
by showing that the nonlinear terms are indeed negligible in the continuum limit except for
nite renormalization of the quadratic terms. Since we are dealing with free two dimensional
eld theories, we can utilize standard techniques of conformal eld theory to estimate the
eects of the nonlinear terms. We note that the (x0i())
2 is of 1=2 since we have a cuto
length . So we may expand (x0i())
2 = 1=2+ : (x0i())
2 : where : y : denotes the normal
ordered operator constructed out of y.  in the denominator is a quantity proportional to
p
 on the dimensional grounds.








2 : +   )a() < W (C) > : (3.13)
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In principle we can eliminate  _a() in eq.(3.7) through this procedure, and we obtain many
terms with various powers of . However as we discuss in the next section the powers of  can
be understood in a simple dimensional analysis. We can assign the standard two dimensional
canonical dimensions to the operators. The quadratic part of the light-cone Hamiltonian has
the canonical dimension of two, and as we will see in the next section, operators with lower
dimensions do not appear because of the N = 2 supersymmetry. Therefore we can show
that the nonlinear terms of the light-cone Hamiltonian is indeed irrelevant in the continuum
limit except for nite renormalizations of the quadratic terms.
Finally we consider the string interactions. In principle we can evaluate the Hamiltonian






n _a and n _a in the right-hand side of eq.(3.7). In this procedure, various interaction terms
of order 1=Nk are generated, which represent processes where the k + 2 strings interact at
one point i.e. (k + 2)−Reggeon vertices. However we will discuss in the next section that
these interactions are completely controllable again by an analysis based on the symmetries
and a power counting of  at the interaction points.
4 N=2 supersymmetry and general proof
In this section, we give a general proof of our assertion in the previous sections by using
a power counting and a symmetry analysis based on the N = 2 supersymmetry, SO(8)
invariance and the parity symmetry on the string worldsheet.
4.1 Power counting and parity symmetry
In order to perform a power counting for , we rst introduce a mass dimension on the
worldsheet through the relation [] = −1 and determine the dimension of each eld. By
demanding the IIB matrix model action (3.6) to be dimensionless, we obtain
[Ai] = 0; [A+] = −[A−]; [A+] = −2[ a] and [A
−] = −2[ _a]: (4.1)
From the denition of the Wilson loop (2.2), we also read o the relations
[k+n ] + [A
−] = 1;





[na] + [ a] = 1;
[n _a] + [ _a] = 1: (4.2)
Noting that we should set [k+n ] to be zero since k
+
n = 1 in our light-cone setting, we can
determine the dimensions of all quantities as follows:
[k+n ] = 0; [k
−
n ] = 2; [k
i
n] = 1; [na] =
1
2




[x+n ] = −1; [x
−
n ] = 1; [x
i
n] = 0; [na] =
1
2




[A+] = −1; [A−] = 1; [Ai] = 0; [ a] =
1
2















Next we dene a symmetry which corresponds to the parity on the string worldsheet. It





 ! −i t: (4.4)

















n ! iM+1−n; (4.6)
which we identify with the worldsheet parity. We also obtain the parity transformation for




n ! −iM+1−n: (4.7)
4.2 N = 2 supersymmetry












(2)A = 0: (4.9)
We can determine the dimensions and parities of the parameters " and  by comparing the
both sides of eqs.(4.8) and (4.9) respectively,
["a] = [a] =
1
2




"a ! i"a; " _a ! i" _a;
a ! −ia;  _a ! −i _a: (4.10)
This xes the dimensions and parities of the supercharges Q1 and Q2 since "aQ
1
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Here we note that eqs.(4.11) and (4.12) are consistent with the anti-commutation relations



















g = 2H _a_b: (4.13)
4.3 Free parts of supercharges and Hamiltonian
The supercharges Q1 and Q2 can be expressed as dierential operators on the loop space






and n _a by repeatedly using the loop equations and the reparametrization invariance as is
discussed for k−n in the previous section. Note that we obtain interaction terms through
this procedure. However as we will see just below, the forms of their continuum limit are
completely determined by the dimension, parity and SO(8) invariance. First we concentrate
on free parts of the supercharges Q1 and Q2 i.e. consider only the leading contribution of
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the 1=N expansion. By using the power counting, eqs.(4.3) and (4.11), SO(8) invariance
and the parity symmetry, eqs.(4.6), (4.7) and (4.12), we can deduce the following forms of





















n. In eq.(4.14) we have
excluded terms such as 1

xiγi by translation invariance. It is easy to see that all possible
terms which appear with negative powers of  are forbidden by the symmetries. In this
sense the existence of the continuum limit is guaranteed by the symmetries. We can also x














2P iγi_aa, we obtain
a1a2 = 2; a1b2 =
p
2 and a2c1 =
p
2: (4.15)
Therefore eq.(4.14) is reduced to























The free part of the Hamiltonian
P


























In order to compare these results with the Green-Schwarz light-cone formalism, we redene
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which completely agree with the light-cone Green-Schwarz free Hamiltonian and super-
charges for type IIB superstring. This fact also justies the analytic continuation introduced
for fermionic elds in ref. [5]. We also note that we have obtained the relation b1c2  1=02,
and b1c2 should be equal to 1=g
2N multiplied by some numerical constant as is illustrated
in the previous section.
4.4 Interaction parts of supercharges and Hamiltonian
In this subsection, we examine the structure of the interaction parts of the supercharges and
the Hamiltonian. First we consider the contributions of order 1=N , which correspond to
3−Reggeon vertices in string eld theory. Since our free Hamiltonian is equal to that of the
Green-Schwarz light-cone formalism, we can use the same arguments as in light-cone string
eld theory. In general, the operators inserted near the interaction points in 3−Reggeon
vertices generate divergences coming from the Mandelstam mapping. Since our Wilson
loops are written by the variables ki and , the corresponding 3−Reggeon vertices should
consist of delta functions representing the matching of three strings in the k− space, which
is the same as in ref. [11]. Therefore the ki, x0i and a diverge as 1=
p
 near the interaction
points while a is of order 
0 there. We also note that every derivative of  acting on the
elds introduces an extra factor of 1=
p
. Therefore the interaction part at order 1=N of the









(derivative)(products of delta functions for ki and a);
(4.21)
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where ki, x0i, a and a represent the operators inserted near the interaction points, and 
is the total number of derivatives acting on these operators. Note that we have extracted
the factor 1= when we rewrite the sum for the interaction points to the integral over 1.
For example, let us consider the interaction part of Q1_a. In this case, the dimensional
analysis [Q1int _a] = [Q
1





 +  − 1 = 1
2
. Therefore the total
powers of  which appear in the interaction part of Q1_a is evaluated as





























The case in which  =  =  =  = 0 is excluded by SO(8) invariance. We can consider
four cases in which  = −2: (1) = 1 and  =  =  = 0, (2) = 1 and  =  =  = 0,
(3) = 1 and  =  =  = 0 and (4) = 1 and  =  =  = 0. The cases (3) and (4) are not
permitted by SO(8) invariance. If we take the large-N limit with N2 kept xed, the cases
(1) and (2) survive in the  ! 0 limit. Note that in this limit all of the other cases vanish
because  is larger than −2 for them. Furthermore we can restrict the values of γ by the























(products of delta functions for ki and a): (4.23)
This structure agrees with that of the light-cone string eld theory [11]. Applying a similar























(products of delta functions for ki and a) (4.24)
which also agrees with the light-cone string eld theory. As for Q1a and Q
2
a, no 1=N con-
tribution remains non-zero in this limit since the minimum value of  is −3
2
in these cases.
Therefore we conclude that Q1int a and Q
2
int a are equal to zero at order 1=N , which is again
consistent with the light-cone string eld theory. Note that the right-hand sides of eqs.(4.23)
and (4.24) are uniquely determined by the N = 2 supersymmetry, as is shown in ref.[11].
Finally the anti-commutation relation fQ1_a; Q
2
_b
g = 2H _a_b xes the interaction part of H,
which is certainly consistent with the light-cone string eld theory.
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Next we consider the contributions of order 1=Nk (k  2), which correspond to (k +










(products of delta functions for ki and a): (4.25)
From the Mandelstam mapping in these cases, it is natural to consider that the ki, x0i and
a diverge as 
− k











 − k − ; (4.26)
where  is 1
2





for Q1int _a and Q
2
int _a and the terms in which   −2k
survive in the  ! 0 limit if N2 is xed. It is veried easily that there are no surviving
terms for any values of k in Q1int a and Q
2
int a in the  ! 0 limit, which is consistent with
the light-cone string eld theory. Using SO(8) invariance, we can show that in Q1int _a and
Q2int _a some terms with γ equal to ve might survive for k = 2 and ones with γ equal to
seven for k = 2 and k = 3. Presumably it is not possible to satisfy N = 2 supersymmetry
only by these restricted terms. Therefore we may conclude that there are no contributions
of order 1=Nk (k  2) in Q1int _a, Q
2
int _a and the Hamiltonian, which is also consistent with the
light-cone string eld theory.
In this way, we almost conrm that our IIB matrix model reproduces the light-cone string
eld theory for type IIB superstring. In particular, we have found the prescription of the
double scaling limit in the IIB matrix model:
g2N  02 and N2  g−1st : (4.27)
5 Conclusions and Discussions
In this paper, we have investigated the loop equations of the type IIB matrix model. We
have introduced strings into the theory as the Wilson loops. The loop equations are found to
agree with the light-cone superstring eld theory of Green, Schwarz and Brink in the double
scaling limit. What we have shown here is that the precisely the same structure naturally
emerges in the double scaling limit from our matrix model. Although we have not calculated
the coecients of the generic operators which appear in the light-cone Hamiltonian, we have
determined most of them by using the N = 2 supersymmetry. The remaining free parameters
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are the string tension and the string coupling constant. We are thus able to prove that the
IIB matrix model indeed reproduces the standard perturbation series of string theory. This
constitute the proof of our previous conjecture that our matrix model is a nonperturbative
formulation of type IIB superstring theory. We have found that the string tension is of the
order of the reduced model coupling constant (0)2  g2N . The double scaling prescription
is to let N !1 and  ! 0 while N2 being kept xed. This double scaling prescription is
dierent from our previous estimate based on the reduced model dimensional analysis[5].
Our matrix model has been related to the type IIB Green-Schwarz superstring action
in our previous work. In order to make this connection, we have to rotate the phase of a
fermionic eld of Green-Schwarz action by =2 in the complex plane. One of the important
results of this paper is to fully justify this analytic continuation procedure by nding the
light-cone superspace variables through the Wilson loops. We believe we have dispelled any
suspicions on this point. By the way we can choose the identical or the opposite phase when
we equate the two fermionic elds of the type IIB Green-Schwarz superstring action to x
the  symmetry. This freedom corresponds to choose D-instantons or D-anti instantons as
our fundamental constituents of the IIB matrix model. Although our action does not possess
the manifest symmetry between them, we expect it to be recovered by integrating all eld
congurations. We can also construct the transformations which interchanges between them
at non-exceptional eld congurations.
It has been also suggested to modify our action by adding higher dimensional operators
like Born-Infeld action[16]. The eect of such a modication is to induce higher dimensional
operators in the loop space Hamiltonian. Therefore we believe that it belongs to the same
universality class as our model. Recall that the basic building block of our Wilson loop is
the minimal link variable U  expfiAg. We can assume here that kn only take integer
values. The key element for our success to derive our light-cone Hamiltonian is that the
Wilson loops do not possess the vacuum expectation values of order N in the large-N limit
in our setting. Since the Wilson loop is made of the minimal links, it is natural to cuto
the eigenvalues of the gauge elds A between −= and =. Then the expectation values
of Wilson loops vanish if the eigenvalues are uniformly distributed. In other words we need
translation invariance of U(1) phases of U (U(1)
d symmetry), which is the most crucial
symmetry we have to preserve and we expect it is not broken spontaneously due to the
supersymmetry.
Since we introduce the cuto in the eigenvalues of A, the cuto also breaks supersym-
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metry. However the eect of the cuto goes away if we can take the cuto to be innity.
Since we have shown that we can take the continuum limit of the loop equations, we have
been consistent to assume the supersymmetry. Although we have shown that the string
perturbation theory follows from our matrix model, we have largely relied on the symmetry
arguments. Therefore the precise coecients of the string tension and the string coupling
constant is not determined yet. One of our future tasks is clearly to determine them. It
is also very desirable to make nonperturbative predictions from our matrix model since we
now understand how to take the double scaling limit. We also hope to report some progress
in this respect in the near future.
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